3.8 Solved Problems
3.8.1 Electric Potential Due to a System of Two Charges

Consider a system of two charges shown in Figure 3.8.1.
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Figure 3.8.1 Electric dipole
Find the electric potential at an arbitrary point on the X axis and make a plot.
Solution:

The electric potential can be found by the superposition principle. At a point on the X
axis, we have

V(X):1q+1<—q>_q{1 1}

4rs, | x—a| 4z, |x+a| 4z, ||x—a| |x+a]

The above expression may be rewritten as

V(x) 1 1
V, [x/a-1] [x/a+1]|

where V, = q/47n¢g,a. The plot of the dimensionless electric potential as a function of x/a.
is depicted in Figure 3.8.2.
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As can be seen from the graph, V(x) diverges at X/a==1, where the charges are
located.

3.8.2 Electric Dipole Potential
Consider an electric dipole along the y-axis, as shown in the Figure 3.8.3. Find the

electric potential V at a point P in the Xx-y plane, and use V to derive the corresponding
electric field.

Figure 3.8.3

By superposition principle, the potential at P is given by

v=Xy :;[E_EJ

dre,\ r, 1
where > =r’ +a’ F2racos@. If we take the limit where r>> a, then

i=1[1+(a/r)2 F2(a/r)cosd | :l{l—l(a/r)z i(a/r)cos9+--}
r, r r 2

and the dipole potential can be approximated as

v-_A4 {l—l(a/r)z+(a/r)cos9—1+l(a/r)2+(a/r)c0s9+---}
ameyr| 2 2

q 2acosf pcosd  p-r
e,k Are,r®  Ame,r’

where p =2aq j is the electric dipole moment. In spherical polar coordinates, the gradient
operator is

G 0,105, 1 0.
or rof rsinfo¢
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V(z=3d)=—2 1n(3d+d): 2 2
dre, \3d-d) 4z,

The electric potential difference between the two points is

AV =V (z=3d)-V(z =4d)=4i1n(gj>o

2

Using the fact that the electric potential difference AV is equal to the change in potential
energy per unit charge, we have

AU =gAV = —wln(éJ <0
dre, \5

where = —|e|is the charge of the electron.

(c) If the electron starts out at rest at Z =4d then the change in kinetic energy is

AK:lmvf2
2

By conservation of energy, the change in kinetic energy is

AK =-aU = €14 n[§j>0
dre, \5

Thus, the magnitude of the velocity at z=3d is
2le| A (6}
V, =, [——In| =
drg, m  \ 5
3.9 Conceptual Questions

1. What is the difference between electric potential and electric potential energy?

2. A uniform electric field is parallel to the x-axis. In what direction can a charge be
displaced in this field without any external work being done on the charge?

3. Is it safe to stay in an automobile with a metal body during severe thunderstorm?
Explain.
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4. Why are equipotential surfaces always perpendicular to electric field lines?

5. The electric field inside a hollow, uniformly charged sphere is zero. Does this imply
that the potential is zero inside the sphere?

3.10 Additional Problems

3.10.1 Cube

How much work is done to assemble eight identical point charges, each of magnitude q,
at the corners of a cube of side a?

3.10.2 Three Charges

Three charges with q=3.00x10"" C and g, =6x10° C are placed on the X-axis, as
shown in the figure 3.10.1. The distance between ¢ and q; is a = 0.600 m.

X

Figure 3.10.1
(a) What is the net force exerted on q by the other two charges ;?
(b) What is the electric field at the origin due to the two charges (;?

(c) What is the electric potential at the origin due to the two charges ¢;?

3.10.3 Work Done on Charges

Two charges @, =3.0xC and g, =—4.0uC initially are separated by a distance

I, =2.0cm. An external agent moves the charges until they are r, =5.0cm apart.

(a) How much work is done by the electric field in moving the charges from r, to r, ? Is

the work positive or negative?

(b) How much work is done by the external agent in moving the charges from 1, to r, ?

Is the work positive or negative?
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(c) What is the potential energy of the initial state where the charges are r, =2.0cm
apart?

(d) What is the potential energy of the final state where the charges are r, =5.0cm apart?

(e) What is the change in potential energy from the initial state to the final state?

3.10.4 Calculating E from V

Suppose in some region of space the electric potential is given by

3
E,a'z

V(X,y,2)=V,—E 2+
(*.y.2)=Vo =K, (X +y> +17%)

3/2

where a is a constant with dimensions of length. Find the X, y, and the z-components of
the associated electric field.

3.10.5 Electric Potential of a Rod

A rod of length L lies along the Xx-axis with its left end at the origin and has a non-
uniform charge density A =aX,where « is a positive constant.

—_—

4 —1 —-\

Figure 3.10.2
(a) What are the dimensions of « ?
(b) Calculate the electric potential at A.

(c) Calculate the electric potential at point B that lies along the perpendicular bisector of
the rod a distance b above the x-axis.
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3.10.6 Electric Potential
Suppose that the electric potential in some region of space is given by
V(X,Y,2)=V,exp(—k|z|)coskx.

Find the electric field everywhere. Sketch the electric field lines in the X — z plane.

3.10.7 Calculating Electric Field from the Electric Potential

Suppose that the electric potential varies along the X-axis as shown in Figure 3.10.3
below.

V(volts)
b .
|=———— VR SPSEINSINN NP | S S b
] ! 15 | ! [
| | {"JI
s i e e s Bt e et .
: 0 | ! iy
| | ¢ d
ity X Rt el g7 = ot
l I x (m)
3 2 -1 1 2 3
i | -5
——————————— St tet] oottt et el
! ! -10 | |
a, T T
Figure 3.10.3

The potential does not vary in the y- or z -direction. Of the intervals shown (ignore the
behavior at the end points of the intervals), determine the intervals in which E_ has

(a) its greatest absolute value. [Ans: 25 V/m in interval ab.]
(b) its least. [Ans: (b) 0 V/m in interval cd.]

(c) Plot E, as a function of x.

(d) What sort of charge distributions would produce these kinds of changes in the
potential? Where are they located? [Ans: sheets of charge extending in the yz direction
located at points b, ¢, d, etc. along the x-axis. Note again that a sheet of charge with
charge per unit area o will always produce a jump in the normal component of the
electric field of magnitude o/, ].
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3.10.8 Electric Potential and Electric Potential Energy

A right isosceles triangle of side a has charges g, +2¢ and —q arranged on its vertices, as
shown in Figure 3.10.4.

[

Figure 3.10.4

2q

(a) What is the electric potential at point P, midway between the line connecting the +(
and —q charges, assuming that V = 0 at infinity? [Ans: q/\/E & |

(b) What is the potential energy U of this configuration of three charges? What is the
significance of the sign of your answer? [Ans: —q2/4\/§ 7mEHa, the negative sign means

that work was done on the agent who assembled these charges in moving them in from
infinity.]

(c) A fourth charge with charge +3q is slowly moved in from infinity to point P. How
much work must be done in this process? What is the significance of the sign of your

answer? [Ans: +3q2/\/§ 7&oa, the positive sign means that work was done by the agent
who moved this charge in from infinity.]

3.10.9. Electric Field, Potential and Energy

Three charges, +5Q, —5Q, and +3Q are located on the y-axis at y = +4a, y = 0, and
y =—4a, respectively. The point P is on the x-axis at X = 3a.

(a) How much energy did it take to assemble these charges?
(b) What are the X, y, and z components of the electric field E at P?

(c) What is the electric potential V at point P, taking V = 0 at infinity?

(d) A fourth charge of +Q is brought to P from infinity. What are the X, Yy, and z
components of the force F that is exerted on it by the other three charges?

(¢) How much work was done (by the external agent) in moving the fourth charge +Q
from infinity to P?
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