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forall a>0.

Problem 3(15 points) This problem is a special case of a more general method for computing
antiderivatives that will be developed systematically later in the semester.

(a)(10 points) Compute the antiderivative [ —— 1—zdu as follows. Consider the sum —5 + —5 1, where
a and b are unspec1ﬁed constants, and clear denomlnators Find a ChOlce of a and b so the sum
simplifies to —— . Use In(u + 1),

In(u — 1) to compute the antlderlvative.

(b)(5 points) Reduce the computation of the antiderivative [ — @ de to (a)| by multiplying numer-

ator and denominator of the integrand by cos(z), using the trlg 1dent1ty (sin(x))? + (cos(z))? =1
and substituting u = sin(x). Don’t forget to back-substitute. Also, say for what range of = your
antiderivative is valid (In(y) isn’t defined if y is negative!).
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Problem 3(15 points) This problem is a special case of a more general method for computing
antiderivatives that will be developed systematically later in the semester.

_a_

(a)(10 points) Compute the antiderivative [ ~du as follows. Consider the sum —%= + 2= where
a and b are unspecified constants, and clear denominators. Find a choice of a and b so the sum

simplifies to 1_1u2. Now replace — in the integrand by your expression at u%l Use In(u + 1),
In(u — 1) to compute the antiderivative.

1—u?

Solution to (a) Following the hint, we let
1 a b a(l—u)+b(1+u) (—a+bu+(a+b)

1—u?2 14+u 1—u 1 —u? 1 —u?
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Therefore, we must have
—a+b=0, a+b=1

Solving this set of equations, we obtain a = b = 1/2. In summary,

1 11 +1 1 1 1 1 1
1—u2 21+u 21—u 214+u 2u—1

1
/ du—/ ! du—/1 1 du
1 —w? 1+ 2u—1

:_1n(|1+u|)——ln(|u—1|) .

Therefore

u+ 1

1
2
L
P

(b)(5 points) Reduce the computation of the antiderivative | — @l to (a)| by multiplying numer-

ator and denominator of the integrand by cos(z), using the trlg 1dent1ty (sin(z))? + (cos(z))? =1
and substituting v = sin(z). Don’t forget to back-substitute. Also, say for what range of z your
antiderivative is valid (In(y) isn’t defined if y is negative!).

Solution to (b) Following the hint,

1
[ .
cos(x) cos? x 1 —sin®x

We let u = sinz, then du = cos xdx, and the indefinite integral becomes

du 1. Ju+1] . :
/1—u2 = 5ln(‘u_l‘) = ln(\/\1+smx|/\/|1—s1n:)3|).‘

Because of the absolute values, the argument of the logarithm never gets negative. However, it still
vanishes when 1+sinz = 0,(i.e. when x = —7 +27n for integers n) and still becomes singular (goes
to infinity) when 1 —sinz = 0, (i.e. when & = 7 4-27n for integers n). Therefore, our antiderivative
function will be truly so on any interval which does not contain £7 + 27n for any integer n. One
such domain would be the open interval,

(—m/2,m/2).
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